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CHAPTER  I 


INTRODUCTION 


A function  f (Ti  ,T2 , . . .Tj^)  of  operators  Ti,T2,...,T^  was  introduced 


t 


by  Dr.  Von  Heyn.  This  operator  is  defined  by  the  following  integral: 


f (Tl  ,T2  , . . . ,Tj^)  - 


(2iri) 


C1JC2 


f(Clj^2>  • * • y * 


R (Ti)R  (T2)...R^  (T  )-d?i-dC2...dC„, 


where  T €B(X,X)  is  a bounded  linear  operator  from  Banach  space  X into 
K. 

X for  each  k,  and  are  simple  closed  oriented  rectifiable  curves 

and  are  boundaries  of  Uj^ZDoCTj^)  k = 1,2,...,N. 

N 

The  Cartesian  product  of  spectral  sets  contained  in 

some  domain  G and 


N N 

n o(T^)  c n [/  c^)  d G, 


where  f (i;  1 , ?2 » • • • » ^ holomorphic  function  on  D(f)  Z>  G,  D(f)  is  a 

domain  of  f , C2  > • • • » • If  X is  a complex  Hilbert  space,  this  in- 

* 


tegral  will  be  reduced  to  the  following  form 


f (T 1 , T2 , • . • , T^) 


ei 


B2 


a2 


3. 


f (Ai ,A2, . . . ,A^)dEi (A)dE2(A) . . .dE^(A) . 


Reference  1. 

This  proof  will  be  given  in  Theorem  2. 


1 


2 


The  operator  f (T^  ,T2 , . . . ,1^^)  is  an  extension  of  the  Dunford  In- 


tegral 


f(T)  = 


2i\i 


ilO 

?-T 


dC. 


Another  generalization  of  this  integral  is  given  as  follows: 


f(Ti  (x)T2)  = 


2iri 


f(C) 


C-Ti  ®T2 


dC, 


where  ,T2<iB(X,X)  and  @ T2  is  a tensor  product  of  two  operators. 

The  main  purpose  of  this  paper  is  to  discuss  spectra  of  these 
operators . 

1.  Notation. 

o (T) : spectral  set  of  an  operator  T. 

p(T):  resolvent  set. 

R^(T):  resolvent  operator  (Cl-T)“^. 

N 

n a(T.  ) = o(Ti)  xa(T2) X . . . xo(T  ) : Cartesian  product  of  spectral  sets. 
k=l  ^ 

B(X,X):  set  of  all  bounded  linear  operators  of  a complex  Banach  space 
X into  the  Banach  space  X. 

Ti  ®T2:  tensor  product  of  two  operators. 

{E  }:  resolution  of  Identities. 

A 

H[D]:  the  set  of  all  holomorphic  fimctions  on  D. 

A[Ti,T2,...,Tj^]  = {f(Ti,T2,...,Tj^)|f£H[D],  T^tB(X,X)  (k=  1,2,...N)}. 


CHAPTER  II 


SOME  BASIC  RESULTS 

1.  Basic  Definitions  and  Properties  of  an  Operator  f(T). 

In  order  to  describe  the  Dunford  integral  and  its  generalization, 
it  is  important  to  know  the  structure  of  the  spectral  set  and  the 
resolvent  operator. 

Definition  1.  By  an  analytic  extension  of  R^(T)  x we  will  mean 
a function  f defined  and  holomorphic  on  an  open  set  D(f)  3 p(T)  and 
such  that 

(Cl-T)f(O  = X,  T€B(X,X) 

for  all  D(f  ) • 

It  is  clear  that  the  extension  exists  since 

f(^)  = (a-T)-^x  for  ?ep(T). 

Definition  2.  The  function  R^(T)x=  (^I-T)~^x  is  said  to  have 
single-valued  extension  property  provided  that  for  every  pair  f,  g 
of  analytic  extensions  of  R^(T)x,  we  have  f(C)  = g(C)  for  every 
CtD(f)  n D(g).  The  union  of  the  sets  D(f)  as  f varies  over  all 
analytic  extension  of  R^(T)x  is  called  the  resolvent  set  of  x and  is 
denoted  by  p(x).  The  spectrum  o(x)  of  x is  defined  by  a(x)  =C'-p(x), 
where  u is  a complex  plane. 

We  have  the  following  property: 

Proposition  1.  If  R^(T)x  has  the  single- valued  extension  property, 
then  there  is  a maximal  extension  x(*)  whose  domain  is  p(x). 
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Proof.  Let  {f^:aCA}  be  a class  of  analytic  extensions  of  R^(T)x, 
then  {f^:atA}  is  not  empty  since 


(a-T)f(c)  = X, 


4«P(T) , 


and  f(4)  = R^(T)x  is  analytic  on  the  set  p(T). 

For  two  arbitrary  functions  f , f„  £ {f  :atA},  we  have 

a S a 


and 


Ul-T)f^(0  = X 

(ni-T)fg(n)  = X 


f,(0  = £3(0 


for  any  56D(f^)  D p(T) 
for  any  ntD(fg)  D p(T) , 


if  5fcD(f  ) r\  D(fJ 

Cl  p 


since  R^(T)x  has  the  single  valued  extension  property. 
Defining  a function  f such  that 

^ " ^a’^D(f  )'^^s’^D(f  )-D(f  )’ 
a pa 

where  x is  a characteristic  function,  we  have 


h if  5tD(fg)-D(y 


This  function  is  defined  uniquely  on  D(f^)  U such  that 

(CI-T)f(C)  = X if  efeD(f^)  U 

Therefore,  f is  an  unique  analytic  extension  of  R^(T)x  on 

D(f  ) U D(f  ) D p(T) . 
a p 

Let  f be  an  analytic  extension  of  R^(T)  x whose  domain  is 


that  is 


and 


a<3 


(Cl-T)f(c)  = X for  any  c,  ^ D(f  )D  p(T) 

a<3  “ 


f > f means  that  f precedes  f. 
a a 
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f„fc{f  laeA}. 
3 a ' 


We  then  can  define  a function  g such  that 


§ " C D(f  )^S’^D(f  )-  U D(f  ) 
a<3  “ ^ a<3  “ 


. S > fft- 


Hence 


(5I-T)g(0  = X for  any  ^ 0 D(f  ) p(T) 

a<3 

and  we  have  a maximal  analytic  extension  x(*)  of  R^(T)  x defining  a 
chain  as  follows: 

D(f  ) C . . . C U D(f  ) C U D(f  ) ^ . . . C U D(f  ) 

“ a<3  aSg  atA 


I 


f <...<  f < g <...<x(')- 
a 


The  extension  always  exists  since  Ij  D(f  ) is  a maximal  set  containing 

atA 

p(T),  and  is  a maximal  extension  of  R (T)x  whose  domain  is  U D(f^) . 


atA 


This  completes  the  proof. 

For  any  ,52^P(T) > 

Since  f (O  = fa(0  Ctp(T),  f (5i)  ^ £0(^2)  Ci  ^ C2. 


f(^i)  = (T)  X. 


whence 


f„(5.)  * £„(52) 


if  Cl  ^ ?2' 


f(Ci)-f(C2) 


X 


51-^2  (51I-THC2I-T) 


f'(c)  = - 


(CI-T)- 


since  R^(T)  is  analytic  (holomorphic) , so  is  R^(T)^  and  f'(C)  is 
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analytic,  whence  we  have 

= (-l)%!R^(T)''-f(C). 

(i)  The  resolvent  operator  R^(T)  = is  continuous  for  all 

C6p(T),  so  p(T)  D ^ ll'^IU  spectral  radius  r(T)  is 

represented  by 

r(T)  = sup  I c I = lim  ^/||t'^||. 

Cfco(T)  n ^ 00 

If  IIt  i!  ^ UtIIj  then  r(T  ) ^ r(T)  , whence 

"a  " ' a 

a(T^)C  a(T) 


o(T)  n o(T^)  ^ for  T,  T^feB(X,X). 

(ii)  For  any  T,  Ti6B(X,X)  and  e > 0,  there  exists  a 6 > 0 such  that 


||r^(T)-R^(Ti)1|  < e if  l|i-Tlil  < '5,  Ctp(T)  A p(Ti). 

That  is,  the  resolvent  operator  is  continuous  for  T with  respect  to 
the  uniform  operator  topology: 

For, 

R fT  ') ^ i 

c C-Ti  C-T  Ti-T 


= R (T)  I [(Ti-T)R  (T)]'' 
n=0  ^ 


R^(Tl)-RjT)|!  = j|R^(T)(Ti-T)R^(T)[l+(Ti-T)R^(T)  + ...]; 


R^(T)(Ti-T)R^(T) 


1 

l-(Ti-T)R^(T) 


< M2||Ti-T|i  (l-j|Ti-T|jM)"l 


whence 


7 


where 


Putting 


M = 1|R^(T)  1|. 


llTi-T||  < ^ +eM  = 6 


||R^(Ti)  R^(T)||  i-M-e/M^+eM 


(iii)  The  resolvent  operator  R^(T)  is  represented  by  a series 


R (T)  = 5;  T ^ 


,n^-(n+l) 


n=l 

and  is  uniformly  convergent  for  all  ^e'{c:|c|  > r^(T)}. 

Let  C be  a s.c.o.r.c.  of  a boundary  of  an  open  set  U such  that 
U 1)  cr(T).  Then  it  is  obvious  that 

nk-1 


1 ^ rl  if  n = 1 

2iTiJ  n ^0  if  n 3^  1, 


2iTi 


dc  = 0 (k  > 1) 


C C 


and 


I = 


27iiJc  C 


R (T)dC. 


Therefore  1 corresponds  to  an  Identity  operator  I,  and 

.P 


tfR^(T)dC  - 


for  p = 0,1,2,..., 


D P 

i.e.,  corresponds  to  T . Hence  we  have  the  following: 

^ n 

Proposition  2.  A polynomial  p(^)  = ag+a^i;+a2C  +.  . .+a  Q cor- 


„n 


responds  to  a polynomial  of  an  operator  p(T)  = aQl+a^T+. . .+a^T  , and 


p(T)  = 


2TTi 


C-T 


dC. 


It  is  reasonable  to  have  the  following  definition.  For  a holo- 
morphic  function  ftH[D],  D to  C U U,  we  define 
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f(T)  = 


2-ni 


liLl 

C-T 


dC,  T€B(X,X) 


(iv)  Let  T6B(X,X)  and  f€H[D],  U U C,  U =3  o(T)  then  f(T)  is  con- 
tinuous with  respect  to  T,  that  is,  for  any  e > 0,  there  is  a 6 > 0 
such  that 


\/ 


|f(T)-f(Ti)||  < e for  |1T-Ti||  < 6, 


Proof.  According  to  the  argument  (ii) , R^(T^)  is  convergent 
uniformly  to  R^(T)  if  ^eC. 


|£(T^)-t<T)||  - —II 


f(?){R  (T^)-R  (T)}d^|| 


2it 


|f(C)  ||lR^(y-R^(T)|||d^ 


^ max  |f(c)|*e'*ll(C)  = M'  *e ' • £(C)  = e 
?6C 


whenever  M = ||r^(T)||  and  ||t^-T||  < e'/M^+e'm  = 6'. 

(v)  Let  us  consider  ->■  T,  that  is,  converges  to  T with  respect 
to  the  uniform  operator  topology  and  ||T^-T||  < 6,  then 


f(T^)-f(T) 


2iri 


f(C) [R  (T  )-R  (T)]dC 
. C a C 


2iTi 


C-T-Cc-T^) 


2v± 


HO 


T -T 
a 


U-T^)U-T) 


dK 


f(T^)-f(T) 

T -T 
a 


2TTi 


f(0 


M. 


(C-T^) (?-!)• 


On  the  other  hand. 
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f(0 


dC- 


T -T 
a 


(a-V(CI-T)^  H.„ax|f(Ol, 


< MiiT.  _T.||  ^(C)  ^(C)  = length  of  C 

- II  a II  (||all-l|Tj|)(||a||-llT||)^  ||I||  = 1 


(Ul-  T hUI-t)^ 


0. 


Consequently,  we  have 


f(T  )-f(T) 

T a 

a 


and 


^'^^^11  = i^llf  T^^dcli  <^m-n2.uc) 

C 


2tt 


N = 1|c-t||, 


M = max  I f (c)  | 
CfcC 


whence  f (T)  certainly  exists  and  is  bounded. 

(vi)  We  assume  that  the  characteristic  of  an  operator  (^I-T)  is  0. 
Now  we  shall  prove  that 


f^'^^(T)  = 


n! 


2t\± 


liSl 


c (d-T) 


n+1 


d?, 


(n  = 1,2,3, ...) . 


Assume  that 

£(W„)  ■■  .Ui) 

Now  all  we  have  to  do  is  to  show  this  is  valid  for  k+1.  Let 


iV^i!  " 


10 


vt  ^ TT 1 


r 


C (C-T 

a 


•)f(C)]dC 


k! 


2iTi 


r [ 


C (C-T 

a 


f(0]dc. 


According  to  the  Binomial  Theorem,  we  have 

(C-T)^^^-(C-T  -T)-(^^^)c^"^(t2-t2)  + ...  + (-1)’^(T^'^^-T^'*'^) 

ot  i a z a a 


= (k+l)(T^-T)  |y  ^(T^+T)  + . . . + (-l)^(T^+T^  ^T...+T^]. 


Hence  we  get 


(T^)-f^^^ (T) 

T -T 
a 


(k+1) ! 

21:1 


[C^-  ^ ^(T  +T)  + ...  + (-l)*"(T^+...+T^)]f(0 

zj a a 

(C-T 

a 


dc, 


Therefore  we  have 


im. 


(C-T) 

(vii)  It  is  well  known  that  the  mapping 


k+2 


dC. 


^:f(C)  ^ f(T) 


defined  by  the  integral 


f(T) 

= M -^dc 

2TTiJ^  CI-T 

relations : 

(1) 

\|;(f+g)  = ip(f)+ij;(g) 

(2) 

ip(f’g)  = ilj(f)  'il>(g) 

(3) 

i|;(af)  = aijjCf) 

11 


for  any  f,  g6H[D]  and  any  complex  number  a.  It  is  obvious  that,  if 
f(<;)€-H[D],  then  so  is  f'  ''(c)6H[D]  for  all  natural  numbers  n.  There- 
fore 


that  is, 


^ “ 2.iJ^  a-T 


Hence  by  (vi) , we  have 


f(’^)(T)  = ^ 


2iri 


Cl-T  2TTi 


liiL 


c (a-T) 


n+1 


dC 


1.  e. 


{■^  f(C)  }r  (T)dC  = f(c){^  R (T)}dC. 

c dc  ^ Jc  ^ 


3T 


(viii)  The  formula 


f(T+S)  = y — T^ 

n=0 


is  well  known,  but  it  is  proved  from  a quite  different  point  of  view: 
Let  T,  SfcB(X,X)  with  ||Tj|  < |^|+|js|i  for  any  c such  that  c,  > ||T+S|;  , 
and  let  f be  a holomorphic  function  on  D D C U U,  U to  o(T+S),  then  we 
have 

(k) 


f(T+S)  = I T^. 

K.  • 


n=0 


Proof.  Since  S,  TeB(X,X),  T+StB(X,X),  the  integral. 


f(T+S)  = 


ILLL 


27TiJ^  a-(T+s) 


dc. 


The  resolvent  operator  can  be  represented  by  a uniformly  convergent 
series  such  that 

oo  k 

1 r T 

for  ^eC. 


■ (CI-S)-T  ■ 


t 


See  Reference  4 and  5. 
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Whence 


f(0 

C-(T+S) 


dC  = 


f(0-  I 


k=0  (Cl-S) 


k+1 


dC 


= 

k=0 


c (a-s) 


k+1 


dc 


According  to  (vii) , 


f(T+S)  = 


y — {— 

^ k'  ^2in' 

k=o 


ULL 


c (a-s) 


k+1 


dc} 


. I 


k=0 


k! 


Putting  S = 0 (zero  operator) , we  get 


(k) 


f(T)  = I ■- 


k=0 


This  can  be  regarded  as  a Taylor  expansion  of  the  operator  around  zero. 
Replacing  T = I (Identity  operator) , we  have 

m).  I i 


where 


k=0 


f(0)  = 


2TTi 


k=0 


f(0  = -^ 

^1-0  ^ 2TTi_ 


d;  = f(0), 


so  we  can  identify  f(0)  with  f(0). 


(ix)  We  have  defined  f(T)  = 
an  Identity  operator,  we  have 


LCQ. 

C-T 


dC.  Since 


2TTi 


C-T 


= I,  I is 


f(T)  = f(T)I  = f(T) 


2iri 


un. 

C-T 


This  relation  suggests  that 
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f(T) 


2Tii 


dg 1 

C C-T  2.iJ 


f ua 


C-T 


d^. 


More  generally  we  get  the  following  property: 


(1) 

Okfl  Oj  = 0 
n 

(2) 

1)  a,  = a(T) 

k=l 

(3) 

There  exist 

if  k j 


(3)  There  exist  s.c.o.r.c.'s  ^^k^k=l  that  Cj^  H = 0 if  k j 

and  L)  ^ lies  in  p(T)  for  each  k.  Then 


E(\)f(T)  = = — 


linl 

n-T 


dn 


where 


m 


dn 

n-T' 


Proof.  We  shall  prove  this  by  using  the  expansion  which  is  de- 
scribed in  (viii) . 


f(T)E(a^>  - f(I).  ^ 


dn 

n-T 


= I 


k=0 


T,k 

k!  2TTi 


dn 

n-T’ 


2iTi 


C-T 


dC 


y f f8)  1 


1 y 
7Y2^  L V I 


C-T 


dC 


dn 

n-T 


(2TTi)"  k=0 


"k 

k 


(C-T)(n-T) 


d^dn . 


Since  R (T)-R  (T)  = — (R  (T) -R  (T) ) , 
C n n-C  c,  n 


OO  (k).  . 


dc. 


^ (R^(T)-R^(T))dCdn] 
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^ y 

TT2  L ki  i 


(27ti)  k 


’ 

R fT)dCdn- 

• 

c,  ^ J 

J 

R dSdn) 
n-c  n ^ 


1 Y 

2, 


(ZTTi)"  k=0 


R^c'^dC 

dn 

' 

R dn 

Jc  ^ 

c, 

C.  ' 

n-C 


dc] 


where 


dn 

n-c 


= 0, 


C-n 


dc  = 2TTin 


since  C is  outside  of  Cj^  and  n is  inside  of  C.  Therefore  we  have 


:(k) 


- (2^ 


R (X)dn*2niri 

n 


2iTi 


:(k) 


"k  k=0 


r f"^(0)  k „ , 1 

L ' k!  ” ■ ST 

i(n) 


fial 

n-T 


dn 


i.e.,  f(T)E(Oj^)  = E(aj^)f(T)  = — 


n-T 


k 

dn . 


It  is  easily  seen  that 


f(T)E(o.U  a.) 


dn,  c u U'  3 a U 0 
, . n-T  1 j 


C'  lies  inside  of  p(T).  Hence  we  have 


f(T)E(  U 0.)  = f(T)-E(o(T))  = f(T)I  = — 
k=l 


f (n) 
n-T 


dn 


U o o(T) . 

2.  A Reduced  Integral  Representation  of  the  Operator  f(T). 
(1)  We  would  like  to  reduce  the  integral 


f(T) 


1 f(0 

2^iic 


dC 


to  another  form.  To  do  this,  we  shall  restrict  our  attention  to  a 
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complex  Hilbert  space  H and  consider  T6B(H,H),  bounded  linear  operator 
of  H into  H. 

The  expression  (Tf,g)  defines  a bilinear  functional  on  H,  for 
each  bilinear  functional  n(f,g)  has  a representation  of  the  form 


where  T6B(H,H)  is  uniquely  determined  by  the  bilinear  functional  n, 
furthermore 


ments  are  obvious : 


(i)  (Tx,x)  is  real. 


(ii)  Eigen  value  of  T is  real. 


(iii)  T is  continuous. 


(iv)  Putting  m(T)  = inf (Tx,x) , M(T)  = sup(Tx,x) . 

Ilx|l=l  llx||=l 

(v)  m(T)  < M(T)  and  m(T) , M(T)  < » since  T is  bounded. 


(vi)  m(T)  i X M(T)  , X is  any  eigen  value  of  T. 

(vii)  There  exist  orthogonal  projections  defined  for  each  X with 

(a)  EE  = E E = E,  if  X < p 

X p p X X 

(b)  lim  E X = E x 

->  x"^  ^ ^ 

(c)  = 0 if  X < m(T),  = I if  X > M(T) 

(d)  E.T  = TE  . 

A A 

For  this  family  of  one  parameter  of  projections  ^E^},  the  formula 


n(f,g)  = (Tf,g) 


"k 

Let  T6B(H,H),  and  assume  that  T = T , then  the  following  state- 


p(T)  = 


p(X)dE^ 


a 


See  Reference  7,  p.42. 
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holds,  and  the  integral  is  defined  by  the  norm  topology  of  the  operator 
space  B (H ,H) . 

Proof.  a < m(T) , M(T)  - 3. 

Suppose  that 

a = Aq  ^ ^2  ~ ^ 


and 


\-l  - \ \ ^ l,2,...,n. 


Let 


B=  I p(V[E(A  )-E(X  )]  = I 

k=l  k=l 


P(hk^ 


k-1 


Putting 


we  have 


n 


(Bx,x)  = I 
k=l 


p(Pj^)d(E^x,x) 


'k-1 


(p(T)x,x)  = I 
k=l 


p(A)d(E^x,x) , 


'k-1 


(p(T)x,x)-(Bx,x)  1 I 

k=l 


E*d(E  x,x)  = e(x,x) 
A 


'k-l 


where 


= max|p(A)-p(p)  I , A,p€[A^_^,A^]  , and 


E = max{Ei , E2  , ■ • • > 


Hence 

( (p(T)-B)x,x)  < E*(x,x) 


and 

sup  ((p(T)-B)x,x)  < e i.e.,  >^|p(T)-B||  :£  e. 

IMhi 


* 


See  Reference  6,  p.350. 


17 


Similarly, 


Therefore  we  get 


-e  ^ m[p(T)-B]  ^ e 


.•.||p(T)-B||  < e. 


p(T)  = 


p(X)dE^. 


(2-1) 


(2)  We  shall  show  that  the  formula  (2-1)  can  be  reduced  by  the  Dunford 

integral.  More  generally  we  have  the  following: 

* 

Proposition  3.  Let  TeB(H,H),  T = T , then  we  have 

rS 


f(T)  = 


2Tri 


IL^ 

C-T 


dC  = 


f(A)dE^; 


(2-2) 


a,  3 are  some  finite  real  numbers. 
Proof . 


R (T)  = (C-T)“^  = I C 
^ k=0 


-(k+l)^k 


is  uniformly  convergent  since  CtC,  lc|  > ||T|1*  Therefore 


f(T)  = 


2iTi 


I f(0 


C k=0 

oo 

k 


= ^ I T 

2iti  , 


k=0 


(C-0) 


k+1 


C (c-0) 


k+1 


dC 


k=0 

r3 


k=0 


f(X)dE, 


a 


where  a = min{A  C Pi  R)  and  3 = max{A  C f]  RJ  ■ R is  a real  axis. 


V 


CHAPTER  III 


THE  SPECTRUM  OF  AN  OPERATOR  f (Ti ,T2 , . . • ,T^) 

1.  The  Generalized  Spectral  Mapping  Theorem  and  a Reduced  Formula  of 

f(Ti,T2,...,T^). 

Let  T 6B(X,X)  k = 1,2,...,N,  and  let  f be  a holomorphic  function 

iC 

on  D(f),  that  is,  ftH[D],  where 

D(f)  (Ui  U Cj^)  X (U2  U Cj^)x  ...  x(u^  0 C^)- 


U,  D a(T,  ) (k  = 1,2,...N),  and  each  C is  a s.c.o.r.c.  lying  in  the 
k k K 

resolvent  set  P(Tj^)  of  T^^,  then  we  define  an  operator 


f(Ti,T2....,T,J  = 


(2TTi) 


C1JC2 


f(^l>^2>* • • 


N 


(1-1) 


X R^^(Ti)R^^(T2)...R^  (T^)-dCidC2---dCj^- 


First  we  shall  prove  the  following: 

Lemma  1.  An  operator  f (Tj  .Tg  , . . . ,Tj^)  is  independent  on  the 
simple  closed  oriented  rectifiable  curves  C^^  (k  = 1,2 .N)^  dependent 
only  on  the  function  feH[D]  and  operators  Tj^^B(X,X)  k = 1,2,...,N. 

Proof.  Since  g(Cj^)  = ^^k  ^ ^k^  ^ holomorphic  func- 


tion, Rj.  (T  ) can  be  represented  by 


R^  (T,  ) = -r— r 
^ k 2iti 


(1-2) 


See  Reference  2,  p.l96. 
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where  is  a s.c.o.r.c.  and 


\=' 


for  each  k. 


In  the  first  case,  we  suppose  that  lies  inside  of  that  is, 


t * 

for  two  T- admissible  domain  and  such  that 


B(D^)  . C^.  B(D^).K^  and  D^^D^^d(T^), 


let 


D,. 


We  have 


f (Tj  ,T2  , . . . >Tj.) 

(2TTi)  JCi^Ki 


X (5i-Ci)"^(C2-C2)"^  . . . ( • . -d 


N 


since 


f (5l  > ^2  > • • • » 1 > ^2  > • • • > » • • • 


k — 1,2,...,N,  ^ 


whence  we  have 


Cl' 


...  f(5i,52,--.,5^)R.  (Ti)R  (T2)...R.  (T  )d?idC2...dC 

C2  'c. 


N 


•'Ki''K2  ■' 


* * 


In  the  second  case,  let  if)  or  ip  Since  H Dj^  is  open. 


D,  n D,  D a(T,  ) . 
k ' k k 


t 


See  Reference  2,  p.l92. 
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It  is  a well-known  fact  that  is  not  empty  and  is  closed  for 

each  k = 1,2,...N.  The  complex  plane  is  a metric  space  with  the 
usual  metric,  so  is  a T14— space.  Therefore  there  exists  an  open  set 
Di  such  that 

D n D*q  D D a(T,  ) . 

T ' k 


Putting  B(D,)  = S^,  we  have 
f (Cl  ,52, . . • « 


Cl  C2 


N 


•1  ^2 


f (m,n2,  • • • « V%1  . .dn^ 


JKi^K2 


f(Cl,C2,....%)R^^(Tl)R^2(T2)...\  (T^)dCidC2...dCj^, 


according  to  the  first  case.  This  completes  the  proof. 

Remark  1.  If  TtB(X,X)  and  X is  a complex  Banach  space,  a(T)  is 
non-empty . 

For,  ||R^11<  (I  c|-||t||)“^  if  U|  > T , whence  ||r^||  0 as  |c|  ->  ”. 

Xf  o(T)  were  empty,  then  it  would  follow  that  R^(T)  is  holomorphic 
and  bounded  on  the  whole  complex  plane  . But  it  would  be  constant  by 
Liouville's  theorem.  This  is  impossible  due  to  the  fact  that  R^(T) 
is  a one-to-one  mapping  of  X onto  X,  and  that  X is  not  empty. 

Remark  2.  The  spectrum  a(T)  is  closed,  that  is,  the  resolvent 
set  p(T)  is  open. 

For,  if  pep(T),  then  (yI-T)“^  exists,  continuous  and  the  closure 
of  the  range  pI-T  is  X.  If  X is  sufficiently  near  y,  (XI-T)“^  exists, 
continuous  and  the  range  of  AI-T  is  X.  Hence  Xfp(T),  this  means  that 
p(T)  is  open,  so  o(T)  is  closed. 
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Definition  1-1.  A mapping  (j>  from  a ring  R into  a ring  R'  is 
said  to  be  a homomorphism  if 

(1)  4>(a+b)  = <j)(a)+<j)(b) 

(2)  <j)(a*b)  = (j) (a)  • ((> (b)  for  all  a,b6R. 

Definition  1-2.  A ring  R is  said  to  be  an  algebra  over  a field 
F if  R is  a vector  space  over  F such  that  for  all  a,btR  and  aeF,  the 
equality 

a(ab)  = (aa)b  = a(ab) 

holds . 

Definition  1-3.  By  an  algebraic  homomorphism  between  two  algebras 
we  mean  a ring  homomorphism  which  is  also  a linear  transformation  over 

F. 

Lemma  2.  We  set 


H[D]  = {f(5i,52 

and 

A[Ti,T2,...,T^]  = {f(Ti,T2,...,T^):Tj^€B(X,X),  k = 1,2,. ..,N}. 

Then  H[D]  and  a[Ti  ,T2,  • • • .T^^]  are  algebras  over  the  complex  field  F, 
moreover  a mapping 


i|;:f(5i,C2...-,5jj)  f(Ti,T2,...,T^) 


defined  by 


1 


f (T 1 , T2 , . • . , Tj^) 


(27Ti)‘'’-'  Ci‘ 


...  f(5]^,52>***»  ) 

^2 


X R (Tj)...R  (T  )d5idS2...d5 

% 


N 


is  an  algebraic  homomorphism  of  H[D]  onto  A[Ti ,l2 , . . . ,T^ ] . 
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It  is  clear  that  H[D]  is  an  algebra,  and  is  linear;  that  is, 


iJ;(af+Sg)  = aij;(f)+3'J^(g)  . 

It  is  also  obvious  that  A[Ti  . ,1^^]  is  a ring  and  vector  space 

over  F such  that 

~ f(5i>52>""*>  *oi*g(ni  jh2>  • • • > 


Therefore  all  we  have  to  do  is  to  prove  that 


4<l£l  (^1  ,^2  > ’ ’ ■ > }’'p(^2(^l  y^2f  ‘ • >5^)  ; 


f 1 (Tl ,T2, . . . ,T^) •f2(Ti ,T2 T^) 


r r 

‘ 

■^cjc’i 

r ‘ 

c; 


fl(5l»52>***  ^2(^1  y^2’  • ' • 


X R (Ti)R  ,(Ti)...R  (T^)R  ,(T^)d5id5l...d5^d?^. 

^•1  <^1  “ijq 


We  have 


J = 


Cl^ 


Ci 


^fl(5i,C2.--- V^2^^i’^2,---5j;j)R^^(Ti)R^,(T2)d5idC{ 


= 2iTi 


Cl 


fi(Ci,52.---.V^2(5i>5i,...,Sj;,)R^^(Ti)dCi; 


for 


R (Ti)R  , (Ti) 


1 


( 


1 

5i-Ti 


whence 
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J = 


ci 


-tDxSl 


Cl^ 


Cl 


fl(5l  ,?2>  • • •5,a)f2(U  »?2»  • • -5^) 

-^- ^ R5l(Ti)d5id5l 

5l-5l 


taking  C inside  of  C'  for  each  k,  we  have 


f 1 (Cl  ,^2. • • • >?2» • • • >5^) 


Cl^ 


Cl 


and 


2iTi 

Hence  we  have 


Cl 


Cl-Ci 


f2(Cl  ,C2» • • • »C^) 

cTci 


R^, (Ti)dCidCl 


= 0 


del  “ f2 (Cl .C2  > • • • >c^) 


fl(Ti,T2,...,T^)-f2(Ti,T2,...,T^) 


(2TTi)2N-l 


Cl 


C2^ 


C'2  ^c. 


c ’ 

N 


fl(Cl»C2>'*’  >Cv,)f2(Cl  >C2»  • • • »C^) 


R^^(Ti)R^^(T2)R^^,  (T2)  . . .R^^(y  R^^(y  dCl•dC2•dC^  ■ -dCj^-dC^- 
Repeating  this  process,  we  owuld  have 


fl(Ti,T2,...,y 'f2(Ti,T2,...,y 


(27Ti)^ 


r r 

C jc2 


fl(Cl >C2»"  • • *f2(Cl >C2»"  • • 


X R^^(Ti)R^^(T2)...R^  (ydCi...d5j^. 


This  means  that 


i|;{f  1 (Cl  ,C2  > • • • »Cj^)  ’f2(Cl.C2»‘’*  »CjJj)  } f 1 (Ti  ,T2  , . . . ,1^^)  * f 2 (^1  .T2  , • • • ,Tj^) 
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and 

f 1 (Ti  ,T2,  . . . ,T^)  *f2(Ti  ,T2  , . . . ,ye  A[Ti  ,l2 T^] 

i.e.,  A[Ti ,T2, . . . ,T^]  is  an  algebra.  Consequently,  the  mapping  is 
an  algebraic  homomorphism. 

Corollary  1.  If  f (Ci  , . • • • . V " 1 ^ ^ < N,  then 

f(Ti,T2,...,T^)  = \ and  f (^i , ?2  . • • • . V = corresponds  to 

f(Ti,T2,...,T^)  = moreover  f (Ci , ?2 . • • • » ^ corresponds  to 

an  Identity  operator  I. 

Proof. 


.,N-l 


• 

• 

. . . 

„ ZTTl 

C2 

r J 

r J 

\+i 

, <V«k> 

Cl,  iC 

k 


. K (to- <V‘'«>---«k-i‘‘«k+r--‘'4 

k-1  k+l  N 


= T *1^  ^ = T 
k k’ 


since 


R.  (T.)d5  = I 

C.  ^i 
1 


for  each  i.  This  means  that 


♦<«k>  - 


Similarly 


In  the  case 
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r 

1 

« • • 

C2  ^ 

R (Ti)R  (T2)...R  = I, 

JC 


Since 


2tt  i 


C " 

\ " 


if 


Cr  U Ur^  o(Tr)  = 1,2,...,N). 

Definition  1-4.  We  define  the  spectrum  a [f  (Ti  ,I2 , . . • .T^^)  ] 
of  an  operator  f (T^  ,l2 , • . . ,Tj^)  to  consist  of  those  complex  numbers 
A such  that  A 1-f  (T^  ,T2  , . . . ,Tj^)  has  no  inverse,  that  is 

o[f(Ti,T2,...,y  ] = {A:3(AI-f(Ti,T2,...,T^))"^}.  ■*' 

The  resolvent  set  is  defined  by 


p[f(Ti,T2,...,Tj^)]  = C-o[f(Ti,T2,...,T^)]. 

Now,  we  shall  discuss  the  spectra  of  the  operator  f (T^  ,I2 , . • • ,1^^)  . 
We  know  that  the  relation 


a [ f (Tj  ,T2  , • • . ,T^)  ] C {f  ( A][ , A2  , • . • , Aj^)  : Ar£o(Tr)  , k 1,2,. ..,N} 

holds,  and  we  would  like  to  get  opposite  inclusion.  The  following 
idea  is  essentially  the  same  idea  as  in  the  proof  of  N.  Dunford's 
spectral  mapping  theorem. 

For  any  f (z  ^ ,Z2  , . . . ,Zj^)£{f  (z  1 ,Z2  , • • • :zRta(TR)  k = 1,2,. ..,N} 
and  f (5i ,C2> • • • define  a function 

g(5i  ,?2>  • • • 

such  that 


t 


See  Reference  11. 
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S(5  1 > > • • • > ^ » ^2  > * ’ • > f (C 1 > ?2  > • * • > 

is  a holomorphic  function  on  D(f). 

According  to  the  previous  Lenuna  and  corollary  the  function 

g(5l » ^2 » • • • > = f (zi , Z2  > • • • > > • • • » 

corresponds  to  an  operator 

g(Ti  ,T2  , . . . ,Tj^)  = f (^1  ,Z2  > • • • > • • • • 

Since  Zj^6o(Tj^),  we  have 

f(^l  »^2>*  • • ^ 

whence  we  have 

{f  (z  1 ,Z2, . • • ,Zj^)  (k  = 1,2, . . . ,N)  } S a [ f (T^  ,I2 , . . • ,T^)  ] ; 

and  since 

{f  (z  1 ,Z2, . . • ,Zj^)  :zjt  o(Tj^)  (k  = 1,2,...,N)} 

= f(o(Ti)  X o(T2)x  ...  ><o(Tj^)). 
we  have  the  following. 

Theorem  1.  For  a spectral  set  of  an  operator  f (T^ ,I2, . . . ,T^) 
we  have  the  following  equality 

o[f(Ti,T2,...,T^)]  = f(o(Ti)  X o(T2)x  ...  xo(T^)). 

This  is  an  extension  of  the  "spectral  mapping  theorem" 


f(o(T))  = a[f(T)] 
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which  is  due  to  N.  Dunford.  For  clarity  we  shall  say  "Generalized 
Spectral  Mapping  Theorem"  instead  of  Theorem  1, 

Using  this,  we  will  get  another  theorem.  Before  doing  that  let 
us  describe  some  immediate  consequences  of  this  theorem. 

Corollary  1.  For  Tj^&B(X,X)  (k  = 1,2,...,N)  and  ftH[D], 
a[f (Tj ,T2, . . . ,T^) ] is  closed. 

Proof.  It  is  a well-known  fact  that  the  spectral  set  o(Tj^)  is 
closed  and  bounded  in  the  complex  plane  , so  it  is  compact  with 
respect  to  the  topology  induced  by  the  usual  metric  in  the  complex 
plane,  that  is,  0 is  a metric  space  with  its  usual  metric.  More- 
over, according  to  the  Tychonoff  theorem,  the  Cartesian  product 

a(Ti)  X o(T2)x  . . . ><o(T^) 

is  compact. 

Since  the  function  ftH[D],  such  that 

f:Cx  Cx  ...  xC->-  C 

is  holomorphic  on  D(f) , then  it  is  continuous  on  D(f)  (according  to 
the  definition  of  holomorphic  function) , whence 

f (a(Ti)  X a(T2>x  . . . xo(Tj^)) 

is  compact . Thus 

f(a(Ti)  X o(T2)x  ...  xo(T^))  = o[f(Ti,T2,...,T^)] 
is  closed  since  0 is  Hausdorf. 

Remark.  In  the  proof  of  the  above  corollary  we  used  these  facts 

(a)  A continuous  image  of  a compact  set  is  compact. 

(b)  A compact  set  in  a Hausdorf f space  is  closed. 
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(c)  A metric  space  is  Hausdorff. 

(d)  The  product  space  is  compact  iff  each  factor  space  is  compact 
(Tychonof f ) . ^ 

Corollary  2.  The  spectral  set  a [f  (T^  ,T2  , . • . ,1^^)  ] is  a non-empty 
set  if  X is  a complex  Banach  space  and  Tj^fcB(X,X)  (k  = 1,2,...,N). 

Proof.  The  spectral  set  is  not  empty  provided  that 

T,^B(X,X)  and  that  X is  a complex  Banach  space  (Chapter  II,  Remark). 

K 

Therefore 

is  not  empty,  whence 
is  not  empty;  that  is, 

o[f(T2,T2,..»  ] 

is  not  empty. 

It  is  well  known  that, 

(*1)  If  the  bounded  self-adjoint  operator  T satisfies  T > 0,  the 
spectrum  o(T)  lies  on  the  positive  real  line,  that  is 

a(T)  C (0,-). 

This  is  an  immediate  corollary  of  the  following  results. 

(*2)  If  the  bounded  self-adjoint  operator  T satisfies  T > I,  then 

..  _ ^ 

T exists  and  1|T  H < 1. 

Proof.  Since  T 1 I,  we  have 

||Tf||l|f|i  ^ (If,f)  ^ (f,f)  = l|ff 

for  all  ftH.  And  hence,  in  particular. 


N 

n a(T  ) 
k=l 


N 

f(  n a(T  )) 
k=l 


t 


See  Reference  9. 
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llTfll  ^ llfll- 

Thus  Tf  = 0 implies  f = 0.  Hence  T is  a one-to-one  transformation 
from  H to  its  range,  and  the  transformation  T ^ is  defined  on  the 
range  of  T satisfies  HT  ^||  ^ 1. 

Now,  the  range  of  T is  dense  in  H.  For,  if  there  is  an  element 
f which  is  orthogonal  to  Tg,  we  have 

0 = (Tf,g)  = (f,Tg) 

and  hence  Tf  = 0.  Thus  f = 0 and  the  range  of  T is  dense  in  H. 

We  show  that  the  range  of  T is  all  of  H.  Suppose  that  geH 

and  let  {f  } be  so  chosen  that  Tf  ->■  g.  Since 

n n ^ 

llTf  -Tf  II  = ||T(f  -f  ) II  > ||f  -f  II, 

II  n mil  II  n m II  n n m'^ 

{f^}  is  a Cauchy  sequence.  Suppose  that  f^  f.  Since  T is  con- 
tinuous, Tf  ->  Tf. 
n 

On  the  other  hand,  by  hypothesis  Tf^  ^ g,  whence  Tf  = g.  Thus 
the  range  of  T is  all  of  H. 

Proof  of  (*1) . According  to  (*2) , if  X is  strictly  positive, 

X > 0,  then  B xf  implies  exists.  Write 

B = Xl+T, 

since  T > 0,  Xl+T  ^ Xl  and  (Xl+T)”l  exists,  -Xe°(T)  for  X > 0.  Hence 
the  set  (-00,0)  belongs  to  the  resolvent  set,  that  is, 

o(T)C  [0,-). 

The  sharper  interval,  in  which  the  spectral  set  o(T)  lies,  is 
obtained  from  the  following  fact. 
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(*3)  Suppose  that  T6B(H,H),  T = T , then  o(T)  lies  in  the  closed 


interval  [m(T) ,M(T) ] in  the  real  axis.  The  end  points  of  this  interval 
belong  to  o(T),  where 


of  all  f (T]^  ,T2,  . • . ,T  ) which  corresponds  to  f tH[D]  with  real  coef- 
ficients,  and  ^ 0 (k  = 1,2,...,N);  then  the  spectrum 

a[f  (Ti  ,T2,  . . . ,Tj^)  ] is  real.  Moreover  for  f^^^H[D]  with  non-negative 
coefficients,  the  spectrum  a[f  (T^  ,l2, . . . ,1^^)  ] is  non-negative.  The 
proof  is  immediate. 

Corollary  3 suggests  that  the  operator  f (Tj  ,T2 , . . • .T^^)  will 
be  represented  by  another  form. 

Theorem  2.  Let  f , ?2  , • • • , H [D]  , T^6B(H,H)  and  T^^  = T* 

(k  = 1,2,...,N),  and  let  {Ej^(A)  } be  a resolution  of  identities  for 
the  operator  = 1,2,...,N),  then  we  have 


m(T)  = inf(Tx,x) , 

INI=i 


M(T)  = sup(Tx,x) . 


Now,  we  return  to  another  corollary  to  Theorem  I. 


Corollary  3.  Let  A^[Ti  ,T2  , . . . ,T^^]  c:  A[Ti  ,T2 , . . • ,T^]  be  a subset 


f(Ti,T2 


f (Cl ,52 


> • • • 


• R^^(Ti)R^^(T2)...R^  (T^)dCi-d52...dCj^ 


Aj^)dEi(A)  -dE2(A)  ...dE^(A) 


where 


= min(Cj^n  R)  , ^k  ~ ^ R)  (k  = 1,2 


N) 


and  R is  a real  axis. 
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Proof. 


form 


The  resolvent  operator  R (T,  ) 


can  be  represented  in  the 


^ ^ (k  = 1,2,...N). 

^k  ^k  k n,  =0 

k 


The  right-hand  side  series  is  uniformly  convergent  for  since 
^k^^k’  l^kl  ^ ' Consequently  we  have 


and 


R,  (Ti)-R  (T2)...R.  (T  ) 
Si  ?2  ^ 


00  00  00 

- ( I ( I . . . ( I <“5^“  ) > 


ni=0 


n2=0 


v“ 


/»  00 


27ri 


^ n-|  -n-i  -1 

I V^l  ^ f(Sl.S2,---,Sj,)d5i 

Cl  ni=0 


2iTi 


I 


hi 


Cl  ni=0  ^ (Si-O)''!'^^ 


dSl 


nlll  1 


y T 1 

S.  1 2^i 

ni=0 


f(Ci,S2.---.Sjj) 


Cl  (Ci-o)^i+^ 


dSl 


niio^  ^ 3,1^1 


Therefore,  we  have 


V ■ ( V"^-;rrr)--- 

ni=0  ^ n2=0 

■■■  V^'35?‘»55^..3e7  V>{,.0....,«^.o) 


1 ( 8"1+’^2+-  • -+nN 


oo  oo 

••■  £(Ti,X2....,V  - t(  I I 

ni=0  ^ n2=0  ^ n^- 


=0  N 
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gni+n2+.  . .+njj[ 

X : — : r- _ 


:,^nN  ^ ^ ^ ’N' ^ ^1  =0  , ^2=0  C^=0  ' 


8Ci^352  ...a? 


Substituting  the  well-known  equalities 


T = 


AdE, 


, ,T,n 

and  T = 


A^dE, 


we  have 


y T^k  ^ = y 

^ k n ! ^ 

n,  =0  k n,  =0 


a,  k 


I A C^^dEjA) 


„ n,  ! k k 
\ ^k=°  ^ 


and 


f(Ti,T2,...,T  ) = ( I 


" 1 rii  3^^  'i 

-AildE,(A)[— ] J... 

aj  ni=0  ^ 3^1^ 


r p ^ 

■ ■ ■ n^-O  V • 

This  is  allowed  by  uniform  continuity  and  by  the  fact  that 

N 

f (5l , ^2 » • • • > is  a holomorphic  function  on  D(f)  3 II  o(T,  ).  Taking 


k=l 


the  holomorphic  function  f (Ci , ?2  > • • • > through  the  first  parenthesis 
on  through  the  last  parenthesis,  we  have 


f0i 

f(Ti,T2,...,T^)  = ( f(Ai,C2,53>--->Cjj)dEi(A)) 


( 


^2  “ 1 n 

02  n2=0  3^2 


n.J  ^^,nN^C  =0^ 


“n  "" 


35/  -N 


f8i 
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= ( f(Ai,A2,53,54.---.OdEi(A)dE2(A)) 


0(1  •'  02 


X ( 


n, 

.3  3 


3 o 

3 r-  1 Ho  d ^ 

03  03-0  "3-  asjS  “iS  “ 


“n  "n‘“  “ 


35jj"  -N 
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that  is, 
f(Ti,T2, 
where 


f3i 

rb2 

dE]^ 

(A) 

. 

“2 

r3i 

rS2 

T ) = 

U2 

dE2(A) 


N 


f (Ai  ,A2  , . . . , Aj^)dE^(A)  ; 


^2 

...  f(Ai,A2,...,A^)dEi(A)dE2(A)...dEj^(A), 

0. 

N 


and 


(Ai,A2,...,A^)e  n [ni^,\] 

k=l 


N N 

n [nt  ,\ ] 9 n o(T  ) 
k=i  k=i 


This  completes  the  proof. 

The  reduced  formula  is  obviously  a generalization  of  the  form 


f(T)  = 


f (A)dE(A) 


and  this  can  be  deduced  from  the  integral 

f(T)  = f(OR^(T)dC 

C 

as  described  in  proposition  3. 

Using  Theorem  1,  we  have  the  following: 

Theorem  3.  Let  f (Ci ,C2> • • • be  a non-vanishing  function 
on  D(f) , then  the  equality 


a[f(Ti,T2,...,T^)-l]  = [a(f(Ti,T2,...,T  ))]-! 


is  valid . 


Proof.  Since  f (5  j , ?2  > • • • > 5^  0 on  D(f)  , the  inverse  function 

f (Cl  >?2>  • • • ^ “ g(Ci  >C2>  • • • >Cjj) 
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is  holomorphic,  whence 


Therefore,  according  to  Lemma  2,  this  corresponds  to  an  operator 


g(Ti,T2,...,T^)  = [f(Ti,T2,...,T^)]-l. 


Using  the  Generalized  Spectral  Mapping  Theorem,  we  have  the  following 
equalities : 


a[f(Ti,T2,...,T^)-l]  =0-[g(Ti,T2,...,Tj^)] 


= g(o(Ti)  X a(T2>x  ...  xo(T^)) 


= [f(a(Ti)  X 0(T2)x  ...  xa(T^))]-l 


= [a(f(Ti,T2,...,Tj^))]-l. 


In  the  proof  of  this  theorem,  we  have  the  following  immediate  results. 
Corollary. 

N 

a([f(Ti,T2,...,T^)]-l]  = {fai,X2,...,A^)-l:ai,A2.---,V 

k=l 


Proof.  Since  [f  (Ti  ,T2, . . . ,1^)-^  = [f(o(Ti)  x a(T2)x  ...  xa(T^))] 


by  the  proof  of  the  above  theorem,  we  get  the  desired  result. 

2.  Spectra  of  Composition  Operators. 

We  define  respectively  the  addition,  multiplication  and  scalar 
multiplication  of  two  operators 

f (Ti ,T2, . . . ,T^) , 


g(Ti,T2,...,T^)£  A[Ti,T2,....T^] 
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by 

(f+g)(Ti,T2,...,T^)  = f(Ti,T2,...,T^)+g(Ti,T2,...,T^) 
(f-g)(Ti,T2,...,T^)  = f(Ti,T2,...,T^)-g(Ti,T2,...,T^) 

and 

(af)(Ti,T2,...,T^)  = af(Ti,T2,...,T^),  atC-{0}. 

For  the  spectra  of  these  operators,  we  have  the  following. 

Theorem  4. 

a[f(Ti,T2,...,T^)+g(Ti,T2,...,T^)] 

(2-1) 

= a[f(Ti,T2,...,T^J]+a[g(Ti,T2,...,T^)] 

a[f(Ti,T2,...,T^)-g(Ti,T2,...,Tj^)] 

(2-2) 

^ 0[f(Ti,T2,...  ,T^)]-a[q(Ti,T2,...,Tj^J] 

and 

o[(af)(Ti,T2,...,T^)]  = a-o[f(Ti,T2,... ,T^)]  (2-3) 

where 

f(Ti,T2,...,T^),  g(Ti,T2,...,T^Je  A [Ti ,T2 , . . . ,T^J 

aeC-{0},  and  f g. 

Proof.  It  is  easily  seen  that 

f(Ci,42,---,4j^)+g(4i,C2,---,%)^H[D] 
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and 


According  to  Lemma  2,  these  correspond  to  the  above  operators.  By 
Theorem  1, 


[f(Ti,T2,. 


^2> 


= a[(f+g)(Ti,T2,. 


T ) 


= (f+g)(a(Ti)  X o(T2): 


xa(T^)) 


N 


= {f  (Ai  ,X2  , . . . , A^,)+g(Ai  ,^2  , . . . , 1 (Xi , ^2  > • • • » ^ n o(Tj^)} 


k=l 


E f(o(Ti)  X a(T2)x  ...  xa(T^))+g(  a(Ti)  x a(T2)x  ...  xa(T^^)) 


= o[f(Ti,T2,...,T^)]+a[g(Ti,T2,...,T^)]. 

For  the  converse  inclusion,  we  need  some  simple  calculations. 

Taking  any  f (Ai , A2  , . . . , A^)6o  [f  (T^  ,T2  , . . . ,T^)  ] and  g(y  1 , P2 » • • • > 

e a[g(Ti,T2,...,T^)], 


f (Ai , A2  , . . . , A^)+g(pi  ,P2  > • • • > >'^2  > • • • >'^2  > • • • ^ ; 


for  if 


f (Ai , A2  , . • • , A )+g(pi  , M2  > • • • [f  (Ti  ,T2  , . . . ,T^)+g(Ti  ,T2  , . . . ,T^)  ] , 


then  there  exists  an  inverse  operator 


[f  ( Ai , A2  , . . . , A^)+g(y  1 , U2  > • • • >'^2  > • • • >Tj^)+g(Tl  >T2  > • • • ^ 
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8(^*1  > ^*2  j 8 1 > "^2  > • • • T„) 

This  contradicts  the  facts  that 


f (^1  > ^2  > • • • >^j^)6:0  [f  (Tj  ,T2  , . . . ,T^J  ] 


g(pi,M2.  • • • ,yj,)€o[g(Ti,T2,  . . . ,T^)  ], 


whence 


a[f(Ti,T2,...,Tj^)+g(Ti,T2,...,T^)]g  a [f  (Ti  ,T2  , . . . ,T^^)+g(Ti  ,l2 , . . . ,T^,)  ] 


N" 


N' 


Thus  we  have  (2-1) , 


a[f(Ti,T2....,T^)-g(Ti,T2,...,Tj]  = 0 [ (f  • g)  (Ti  , T2  , . . . , T J ] 


= (f-g)(o(Ti)  X o(T2)x  ...  xo(T^J) 


- {f  (Ai,A2,  . . . ,A  )g(A]^,  A2,  . . . ,A  ) I (Ai  ,X2,  . . . ,A  ) e II  a (T  ) } 


^ k=l  " 


N 

{f  ( Ai , A2  , . . . , A ) i (Ai , A2  , . . . , A ) «:  n a(T  )} 

^ k=l 


N 

^ {8(^1  .^2.  • • • > I (^1 , ^2  > • • • ^ n o(Tj^)} 

k=l 


= [f(Ti,T2,...,T^)]-a[g(Ti,T2,...,Tj^)]; 


i.e.,  [f(Ti,T2,....T^)-g(Ti,T2,...,T^)] 


C a[f(Ti,T2,...  ,Tj^)]-o[g(Ti,T2,...,Tj^,)]. 
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The  converse  relation  does  not  hold  in  general,  but  if 

f (Tl ,T2, . . . ,T^)  = g(Ti,T2, . . . ,T^) , then  equality 
will  be  held.  This  will  be  proved  later. 

Finally,  it  is  obvious  that 

a[a-f(Ti,T2,...,Tj^)]  = a-o  [f  (Ti  ,T2  , . . . ,Tj^)  ] (a  0), 

since 

(otf)  (Aj  >A2?  • • • > ~ * 

Now  we  propose  the  following  equality: 

o[f(Ti,T2,...,T^)2]  = {a[f(Ti,T2,...,T^)]}2.  (2-4) 

This  is  a special  case  of  (2-2) . The  inclusion 

o[f(Ti,T2,...,T^)2]  c {o[f(Ti,T2,...,Tj^)]}2 

is  obvious  from  the  proof  of  Theorem  4.  Hence  all  we  have  to  do  is  to 
prove  converse  inclusion 

a[f(Ti,T2,...,Tj^)2]  2 {a[f(Ti  ,T2  , . . . ,T^)  ] }2 . 

For  any 


f(Xl  ,A2,...,Aj^)ea[f(Ti  ,T2,...,Tj^)] 


f(Ai,A2,...,A^)2-f(Ti,T2,...,T^)2 


~ {f(A]^,A2,...,  Aj^)  +f  (Tj,T2,...,  T^)  }{f(A]^,A2,...,  A^)  f(Tj  >'^2>  • * • ^ 


N 


N' 


N' 
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That  is 

{a[f(Ti,T2,...,Tj^)]}2c  a[f(Ti,T2,...,T^)2]. 

Moreover,  we  have  the  equality 

a[f(Ti,T2,...,T^)'']  = {a[f(Ti,T2,...,T^)]}’",  (2-5) 

for  any  positive  integer  n.  This  follows  immediately  by  induction. 
Furthermore,  we  obtain  the  following  result. 

Theorem  5.  Let  p(z)  be  any  polynomial  which  does  not  contain  a 
constant  term,  then  we  have  the  equality 

a[p{f(Ti,T2,...,T^)  }]  = p{o[f(Ti,T2,...,Tj^)]}.  (2-6) 

Proof.  Let  p(z)  = a z"^+a,  z'^  ^+.  . .+a  ,z. 

o 1 n-1 

a[p{f(Ti,T2,...,T^)}]  = o[aof(Ti,T2,...T^)^ 

+aif  (Ti  ,T2,  . . • ’^2.  • • • V ^ 

=aoo[f  (Ti  ,T2,  . . . ""l+ai  -a[f  (Ti  ,T2, . . . . .T2, . . . ,T^^)  ] 

= ao{a[f  (Ti  ,T2,  . . .T^^)  ] I'^+aj  {o[f  (T^  ,T2, . . . ,Tj^)  ] 

X a[f(Ti,T2,...,Tj^)] 

= p{a[f(Ti,T2,...,T^)]}. 
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This  proof  employs  (2-1) , (2-3)  and  (2-5) . This  theorem  shows 
that  o can  be  commuted  by  p,  and  the  following  question  naturally 
arises:  Can  it  be  that 


for  any  holomorphic  function  g(z)? 

This  question  is  answered  in  the  affirmative.  We  prove  this 
directly  in  the  following  way. 

For  a non-constant  function  f (5i , C2 > • • • > 5^)^ ^ whose  range  is 
R(f) , we  consider  the  second  function  g which  is  holomorphic  on 


Di(g)  2 R(f)  • Then  g [ f (^^ , C2  > • • • > Cj^)  ] is  holomorphic  on  D(f)  , that  is 

g[f(Ci,C2.---.V  ]€H[D]. 


a[g(f(Ti,T2,...Tj^))]  = g(o[f(Ti,T2,...,Tj^)]) 


Therefore  this  corresponds  to  an  operator 


g[f(Ti,T2,...,T^)]  = 


1 


g[f(Ci,C2.---.Cjj)] 


X R (Ti)...R  (T  )dCid52...dC 
N 


'N* 


Putting 


we  have 


Hence 


0 [g(f(Ti,T2,...,T^))]  = o[F(Ti,T2 


> • • • > 


= F(a(Ti)  X a(T2)x  • . . ><o(Tj^)) 
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= g[f(a(Ti)  X o(T2)x  ...  xo(y )] 


= g(a[f(Ti,T2,...  .y]). 

We  have  used  the  Generalized  Spectral  Mapping  Theorem  to  obtain  the 
above  equality.  Therefore  we  have  the  following: 

Theorem  6.  For  a holomorphic  function  g on  a domain  D]^(g)2  R(f) 
and  f (5i  ,C2>  • • • > we  have 


a[g(f(Ti,T2,...,Tj^,))]  = g(a[f(Ti,T2,...,T^)]). 


Corollary.  For 


f(T)  = dc 

2riJ^  C-T 


we  have 


o[g(f(T))]  = g(o[f(T)])  = g(f(o(T))) 


In  Chapter  II,  (vii) , we  saw  that 


f(n)(T)  1 


27ri 


f(C)  }R  (T)d? 
C d?  ^ 


27ri 


f(C)  •R^(T)'''^^dC. 


We  shall  discuss  this  formula  for  an  operator 


f(Ti,T2,...,y  = 


.xN 

(2tti) 


...^ 

Cl^C2  Jc^ 


f(4l,C2.- 


X R (Ti)R^  (T2)...R^  (Tjd;idC2- . -d^. 
4l  42 


If  f (Ci  ,C2>  • • • >4x,)  is  holomorphic  on  D(f)  , then  the  partial  differential 
N 


42 


3 


is  also  holomorphic  on  D(f)  for  each  k.  We  put 

I 

9 

'n,  ' 'N' 


rn 


H 


\ " (0.0,  ..  . ,n^,0,...0). 


This  then  corresponds  to  an  operator 


:(V 


(Ti  ,T2  , . . . ,Tj^)  . 


We  define 


n = (ni ,n2 , . . . ,n  ) , |n|  = ni+n2+. . .+n„ 

iN  iN 


and 


3'''  'f(4l.  42,.... 

3^ll3c52...3C^N 


By  the  same  argument,  this  corresponds  to  an  operator 


f^''\Ti,T2,...,T^,) 


such  that 


(27Ti) 


■ 

•CiJ 

02  ^ 

N 


X R (Ti)...R  (T  )d?idC2...dC  ; 


and  it  is  easily  seen  that 


ni!n2!...n!r 
f^  ''(Ti,T2....,T^)  = - 


(2TTi)^  -^0^02  ^C. 


f (4i,42, 


>4j^) 


'N 


X 
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(27Ti)^ 


Ci^C2 


f(4ljC2>‘*’>  4-f^) 


X R (Ti)...R  (T  )dCidC2...dC, 

4l  4^ 


f(Ti,T2,...,T^) 


3T^^3T2^. . . 3T 


that  is. 


, . 3l'''f(Ti,T2,..-.,T  ) 

f<  \ti,T2,...,V  = . -n; 


3T\^3T2^.  . . 3T. 


‘N 


N 


(2tt1)‘ 


J J 


Ci^C2 


"N 


f^^\ci,C2,...,4^J\/Ti)R^^(T2)...R^^(T^,)d^i...dCj^. 


Hence  we  have  the  following: 

Theorem  7.  If  f (c i , C2 > • • • , 4^)  is  a holomorphic  function  on 
D(f),  the  equality 


a [- 


s'^lf  (Ti,T2,.  . . ,T^)  ^3'^'f(Ai,X2,..  . ,Aj^) 


nv 


3T^^3T2^.  . . 3T J-' 


] = {- 


3a'^13A22...3aJJn 


(A]^,A2,***, 


N 

e n a(T  )} 

k=i 


holds,  where 


= (ni,n2,...,n  ),  ln|  = ni+U2+.  . .+n^-. 


Proof.  We  note  that  a holomorphic  function  f(z)  guarantees  the 
existence  of  f^'^^(z)  for  any  natural  number 


n l 


2tj± 


f(c) 


, n+1 


dC. 


C U-z) 

Also,  a holomorphic  function  f (Ci , C2  > • • • > 4j^t)  D(f)  assures  us  the 


See  Reference  8. 
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existence  of  f ( 4l , 4^, . . . , 4^)  for  n = (n^  ,n2, . . . ,nj^)  . This  is  de- 


fined above.  Since 


n 


3'  'f(Ti,T2,...,T  ) 

^ Hr- ] = ^Ti,T2,..-,V] 


3T^^3T2^. . .3t“^ 


= f^"^(a(Ti)  X o(T2)x  ...  xa(T^)) 


= { 


3'  lf(Ai,X2.--->\,) 


3Ai^3A2^. . .3A 


n. 

N 


■N 


:(Ai,A2.---.V^  n o(T  )}, 

k=l 


we  have  proved  the  theorem. 
Putting 


n 


3'  if(Ai,A2>---,V  N 

{ ;; ; ; : (Ai ,A2, • • • .A„) € n a(T  )} 

^ k=l  ^ 


3A^^3A2^.  . .3a!^^ 


N 


3'  'f(o(Ti)x  ...xa(T^,)) 
3A^^3A2^.  . .3aJJ^' 


the  result  of  Theorem  7 can  be  written  in  the  form 


a[- 


3l^lf(Ti,T2.---,V  3‘^if(o(Ti)  X o(T2)x  ...  xo(T^)) 


3Ti^3T2^. . . 3T„N 
J-  ^ N 


-]  = 


3Ai^3A2^.  . .3aJJ^’ 
^ N 


or 


>(n) 


(n). 


o[d;  "f(Ti,T2,--->Tr  ] = d;  "a[f(Ti,T2,---,V]. 


Hence  we  have  the  following. 


Corollary.  If  f (4i , ?2  . • • • . 4j^)e  H [D]  , then 


olDrf(Tl.T2 V*  ■ Bj''h[£(Ti,T2,. 


■VI 


3Til3T2^.  . .3t’^^ 


and  D 


(n) 


n 


3Ai^3a5^.  . .3aJJ^ 


where 
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Remark.  We  now  have  a holomorphic  function  f(z)  on  D(f)  guaranteeing 
the  existence  of  n-th  derivatives  f^^^(z)  for  any  positive  integer  n. 
This  is  seen  by  observing  the  following  facts. 

Any  holomorphic  function  f(z)  on  D(f)  can  be  represented  by 


f(z)  = dc 

2-nij^  4-z 


(Cauchy  Integral  Formula) 


and 


f'(z)  = 


2-ni 


f(4) 

(4-z) 


’2  dC 


since  f(z)  is  holomorphic. 


This  also  requires  the  existence  of 


f"(z)  = 


2ni 


flLl. 


(4-z) 


T dC 


and  so  on;  f^^  ^\z)  guarantees  the  existence  of 


:(n) 


(z)  = 


2iii 


im. 


n+l 


- dc. 


C (c-z) 

This  obtains  the  asserted  statement. 

In  the  above  discussion,  we  assumed  that  only  f(z)  is  holomorphic, 
but  since  f"(z)  exists  by  f'(z),  f'(z)  is  automatically  holomorphic  and 
so  on.  Hence  without  assuming  that  f ' (z) , f " (z) , . . . are  holomorphic, 
they  automatically  come  out  to  be  holomorphic. 

3.  Strong  Operator  Topology  in  A[Ti ,T2 , • • • ,T^] . 

In  this  section  we  shall  induce  a topology  on  the  set  A[Ti,T2,...j 
Tj^]  . The  Banach  space  B(X,X)  of  continuous  linear  mappings  T:X  ^ X 
has  three  most  commonly  used  topologies,  namely  the  uniform,  strong 
and  weak  operator  topologies,  as  given  in  the  following  definitions. 
Definition  3-1.  The  uniform  operator  topology  in  B(X,X)  is  the 


netric  topology  of  B(X,X)  induced  by  its  norm 


Definition  3-2.  The  strong  operator  topology  in  B(X,X)  is  the 
topology  given  by  the  basic  set  of  neighborhoods 

U(T:F,e)  = {S  [ SeB (X,X)  , || (T-S)x  ||  < e,xt-F}, 

where  F is  an  arbitrary  finite  subset  of  X,  and  s > 0 is  arbitrary. 

By  definition,  a generalized  sequence  converges  to  T if  and  only 

if  {T^x}  converges  to  Tx  for  every  x in  X. 

Definition  3-3.  The  weak  operator  topology  in  B(X,X)  is  the 
topology  defined  by  the  basic  set  of  neighborhoods 

U(T,F*,A,e)  = {S|S  B(X,X) , |x*(T-S)x | < e,x*  F*,xtA}, 

* * 
where  F and  A are  arbitrary  finite  subsets  of  elements  in  X and  X, 

it 

X is  the  dual  space  of  X.  Thus,  in  the  weak  topology,  a generalized 

"k  k 

sequence  converges  to  T if  and  only  if  {x  T^x}  converges  to  x Tx 

k k 

for  every  x in  X and  x in  X . 

It  is  evident  that  the  uniform  operator  topology  is  stronger  than 

the  strong  operator  topology,  and  that  the  strong  operator  topology  is 

stronger  than  the  weak  operator  topology.  With  its  uniform  operator 

topology,  B(X,X)  will  be  a Banach  space. 

(a)  If  X is  a Banach  space,  then  Y = X><Xx  ...  xx,  the  set  of 

all  N-tuples  y = (x^  ,X2 , . . . ,x^^)  with  x^fcX(i  = 1,2,...,N),  is  also 

Banach  space  with  norm:  jj(xi  ,X2 , . . . ,x  )||  = sup  H^JI  • 

^ l<k<N  ^ 

Proof.  Let  (x]^  ,X2  , . . . ,x^)  , (x{  ,X2 , . . . ,x'j^)  be  two  elements  in  Y. 


By  defining 
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(Xi  ,X2,  . . . ,X^)  + (x{  ,x^, . . . ,x^)  = (xi+xl , . . . ,x^+Xj|Jj) 

and 

a(xi ,X2, . . . ,x^)  = (axi ,ax2, . . . ,ax^) , 


Y forms  a linear  space.  Since 


||(xi  ,X2, . . . ,Xj^)||  > 0 


a(xi  ,X2, . . . ,x^^)||  = sup  llax  II  = |a|sup  ||x  || 
^ l^kdN  ^ l^kdN  ^ 


= |a  I • |!(xi  ,X2, . . . ,x^)| 


and 


:j  (Xi,X2,...,X  ) + (x{,x^,...,x')j|  = sup  ||x+x;||<sup  ||x||+sup  ||x'jj 

l^kdN  l<kxN  l^kxN 


= ||(xi,X2,...,x^)[Hj(xi,x^,...,x^)j|  . 

This  means  that  Y is  a normed  linear  space,  so  all  we  have  to  do 
is  to  prove  the  completeness  of  Y.  This  is  easily  proved  in  the  fol- 
lowing way. 

For  any  Cauchy  sequency  { (xi'^\x2'^\  . . . X for  each  k}, 

(n)  (n)  (n),  , (m)  (m)  (m).,,  _ n (n)  (m)n  „ 

j|(xi  , X2  ,...,X^  ) (xj  , X2  , . . . , Xj^  )||  sup  li  ^ il 

, . 1— kdN 

m,n  So,  {x^  is  a Cauchy  sequence  in  X,  but  X is  a Banach 

space,  whence  there  exists  a point  x^^^  in  X such  that 


.(n)  . ..(0) 


'k 


as 


Therefore,  for  each  k = 1,2,...N,  ->■  as  n 

/ (0)  (0)  (0),  ^ 

(xi  ,X2  ,...,x^  )gY. 


Hence 
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(b)  Let  Tj£B(X,X)  k = We  put  the  domain  of 

CI-T  = D^(0 
•f- 

and  the  range  of  ^1-T  = A^(C)  for  any  Ctp(T).  Then  the  domain  of 
R^(T)  is  A^(0  and  the  range  of  R^(T)  is  D^($) . Hence  the  resolvent 
operator  R^(T)  is  a bounded  linear  operator  of  A^(^)  onto  D^(^) . 

We  define 


for 


R^^(Ti) -R^^(T2) . . .R^  (T^) (xi ,X2, . . . ,x^) 


= [R^^(Ti)xi][R^^(T2)x2]...[R^ 


N 

(xi  ,X2, . . . ,x^)  e n A^  (Cj^) . 

k=l  k 


(3-1) 


We  then  have 


f(Ti,T2>--»,  ^2  ) • • • > X. 


(2iri) 


N 


(3-2) 


X [R^^  (Ti)xi]  [R^^(T2)x2]  . . . *‘^^2-  • -dC^- 

Therefore,  the  operator  f (Ti ,T2 , . . . ,T  ) can  be  regarded  as  a multilinear 
N 

operator  of  II  A (C,  ) into  the  Banach  space  X.  We  denote  the  set  of 
k=l  ^k 

all  these  operators  by 

N 

A[  n A,  (T,  ),X]. 
k=l  ^ ^ 

Of  course. 


t 


See  Reference  7. 
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N 

A[Ti,T2,...,Tj^]  =At  n A^(Tj^),X], 

k=l 

but  we  emphasize  . the  domain  and  the  range. 

Now,  we  define  the  norir.  of  the  operator  f (Ti  ,T2 , . . . ,T^)  in  the 
following  way: 


|!f(Ti,T2,...,y|| 


= sup  [|f  (Ti  ,l2,  . . . ,T  ) (xi  ,X2,  . . . ,x  )!i 

i|(xi.X2 x^)ll<l  « 

where 


(3-3) 


||  (xi  ,X2,  . . . ,x  )jl  = sup  ||x  li 

l^k<N 

as  we  defined  in  section  3,  (a). 

From  (3-3)  we  have  the  following  properties: 
||f(Ti,T2,...,yi|>  0 (=0  if  and  only  if  f(Ti,T2,. 


i|af(Ti,T2,...,Vli  = |a||:f(Ti,T2,....y| 


and 

ll  f(Ti,T2,. 


,y+g(Ti,T2,...,y|l  1 !if(Ti,T2,...,y:;^ig(Ti,T2, 


>V: 


The  first  two  equalities  are  obvious;  the  triangular  inequality  is 
also  easily  seen  by  following  simple  calculation. 


(f(Ti,T2,.  . . ,T^)+g(T2  ,T2  , . . . ,T^,)  ) (x^  ,X2  , . • • x^,)|j 


= II  f (Ti  ,T2,  . . . ,T^,)  (xi  ,X2,  . . . ,x^)+g(Ti  ,T2,  . . .T^^)  (Xi  ,X2,  • - • ,X^)jj 


< II  f (Ti  ,T2,  . . . ,T^)  (Xi  ,X2,  . . . ,X^,)|  +!|g(Ti  ,T2  , . . . ,T^)  (xi  ,X2  , . . . ,x^;i|. 


50 


since  both  f (Ti  ,T2  , • • ■ ,Tj^)  (xi  ,X2 , . . . ,Xj^)  , g(Ti  ,l2  , . . . ,T^)  (xi  ,X2 , . • . ,x^) 
belong  to  space  X.  Hence  taking  the  supremum  of  both  sides,  we  have  the 
desired  inequality. 

Now,  we  introduce  the  Strong  Operator  Topology. 

Definition  3-3.  By  the  strong  operator  topology  in  a[Ti  ,T2 , • • .Tj^] 
we  shall  mean  a topology  induced  by  the  norm  1|  ||  which  is  defined  in 
A[T]^  ,T2  , • . . ,T^]  . 

The  spherical  neighborhood 


S^(f(Ti,T2,...,T^,)  :Ai  x A2X  ...  xA^,  ) 


= {g(Ti,T2,...,T  )6A[Ti,T2,...,T  ];;:(f(Ti,T2,...,Tj^)-g(Ti,T2,...,T^)) 


(xi,X2,...,x^)  |j  < e(xi,X2,.  . . ,x^)4^  n A^} 

k=l 


where  each  A^  (k  = 1,2,...,N)  is  a finite  set  in  X.  Obviously  this 
basis  induces  a topology  in  A[Ti  ,T2  , • • • ,Tj^]  • 

Thus  in  this  operator  topology,  a sequence  {f^(Ti  ,T2 , • . . .T^,)  } 
converges  to  f q (Tj  ,T2 , • • • ,Tj^)  if  and  only  if  the  sequence 
{f^(Ti,T2,...,T^,)(xi,X2,...,x^)  converges  to  f q (Ti  ,T2  , . • • ,T^) 

(xi ,X2 , • • • ,x^) • We  are  now  prepared  to  discuss  the  following; 

Theorem  8.  If  f^(Ti  ,T2  , . . • ,T^)  converges  to  f q (Tj  ,T2 , • . • ,T^^,) 
with  respect  to  the  strong  operator  topology,  then 


o[f^(Ti,T2,...,T^)]  o[fo(Ti,T2,...,T^)]  as  n 

with  respect  to  the  usual  topology  in  the  complex  plane. 

Proof.  We  would  like  to  prove  that  f^^CXi  , A2 , • • • , converges 


uniformly  on 
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N 

a(Ti)  X a(T2)x  ...  xa(T  ) = n a(T  ) . 

k=l 

For  any  f^( Ai  , X- , • • • , a [f^(Ti  ,T2 , . . . ,T^)  ] , 


= h 


n,m 


(Ai,A 


2> 


' V 


is  an  element  of 


If 


h (Ai , A2 , • • • , A 0 [h  (T^ ,T2 , . . . ,T  ) ] , 
n,m  N n,m  ^ ^ N 


th. 


exists  an  inverse  operator 


But 


[h  ^(Ai,A2,...,A  )-h  (Ti,T2,...,T  )]  1 

n,m  N n,in-^‘^  N 


n , It 


( A 1 , A2 , • • • > Aj^)  I ^ (T]^ , T2 , . . • , T^)  ] 


-1 


{f  (Ai,A2, 

XI 


,A^)I-fn(Ti,T2....,y  } 


u- 


m 


(Ai,A2....,A^.)I-f^(Ti,T2,...,V 


N"  1 


f > ^2  > 


Jl-f  (Ti,T2,...,T,.) 


This  contradicts  the  fact  that 


• >'^2  f 


T ''  1 

I J • 
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The  existence  of  [h  ( \i , A2, . . . , A ) -h  (T 1 ,12, • • • ,T  ) ] ^ implies 

n,m  JN  n,m  iN 

that 


Ih  (Ai,A2>»--,A  )|  > jih  (Ti,T2,-«*, T ) ! ! 
I T-i  N n,m  ^ N 


n 


Thus 


’^2.  • • • ] 


shows  that 


^ li^  ™Oi,T2 VI 


N ' ''  n.m 


N'i! 


Therefore 


I 1 I (Ai,A2)  • • • >Aj^)  ^ “^0 


as 


since 


n,m 


h„  ^(Ti,T2,...,Tj^),  - 0, 


n.m 


this  means  that  {f  ( Ai  , A2  , • . . , A.^J  } is  a Cauchy  sequence  in  the  complex 
n iN 

plane,  then  there  is  a function  g(Ai , A2  , • • • , A^,)  such  that 


f „ ( A 1 > A2  , • • • > A^)  g ( A 1 , A2  > • • • > A^) 


We  have  to  show  that 

g(Ai , A2,  • • • , Aj^)  = fo(Ai  ,A2,  . . . ,Aj^)  . 
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For  this,  let  , ^2  , . . . , A^)c a ,l2  , . . . ,T^)  ] for  sufficiently 

large  M,  so  that 

fj^di  ,T2,  . . . ,T^)<:  ’^2.  • . • ,T^)) 

and 

>^2>  • • • >^2>  • • • I 

Suppose  that 

g(Ai  ,X2, . • . , Xj^,)6  0 [fo  (Ti  ,T2,  . . . ,Tj^)  ] . 


li  {f^(Xi  ,X2, . . . ,X^)I-f^(Ti  ,T2,  . . . ,T^)  } 

-{g(Ai  ,X2,  . . . ,X^)  I-fo(Ti  ,T2,  . . . ,Tj^)  }j; 

I f ^ (Xi,X2»***>  XjjX“g  ( Ai,X2>*«->X^)| 

+!|f^(Ti,T2,...,y-fo(Ti,T2,...,y|i 


< e 


for 


n ^ M, 


and 


[g(Ai  ,X2  , . . . ,Xj^)I-f  o(Ti  ,l2,  . . . ,T^)  ] ^ 


exists,  so  does 


[ y Xi  , X2  . . . . , Xj,)  I-f^(Ti  ,l2  , . . . ,Tj.)  ] -1  , 


But  this  contradicts  the  fact  that 


54 


i.e.,  g(Ai,A2,...  , A^)fa  [f  0 (T^  ,T2  , . . . ,1^^)  ] . 

According  to  the  Generalized  Spectral  Mapping  Theorem,  any  number 
peo  [f  0 (Ti  ,T2  , . . . ,Tj^)  ] can  be  represented  in  the  form 

N 

h = foC^l  > (Ai  , A2  , • • • , Aj^)  e'  n a (Tj^)  . 

k=l 

Thus  we  can  identify  f q (A^ , A2  , • • • , A^)  and  g(A]^ , A2  , • • • , A^)  , that  is, 

’ 


We  have  proved  the  theorem. 

Theorem  9.  For  an  operator  f (T^  ,T2  , . . . ,Tj^)^A  [T^  ,T2  , • . . ,T^]  , there 

exists  a point  ( c 42^\  . . . , )t  D(f ) , such  that 

N 


ijf  (^1  >f2,  • • • >T  )|j 


- l£ai“hcf> 


c<“hl 


Proof . 

ll  f (T 1 , T2  , • • • , Tj^)j I — stip  I jf  (T 2 , T2  , . . • , Tj^)  (x]^ , X2  , • • • , Xj^) II 

l:(xi,X2,.  . . ,Xj^,)||<l 


^ sup  sup  _ |f  (4i  ,C2>  • • • I 


'2TTi 


Cl 


Rc,(Tl)xid4i||...|^ 


R 


^ sup  _ |f(^i,C2.---,Cj  |-sup  iix  ||sup  |:x  l!...sup  jjxl! 

(Cl,42.---,4j^)tD(f)  l^k^N  l^kxN  l^k^N 


< 


sup  lf(Ci,r,2,.  . . 

( 4 1 > C2  > • • • 5 D(  f ) 
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since 


R^(T)dC  = I (Identity  operator) 


and 


sup  llxJi^l, 

l<k<N 


i<£*)  II  f ('^1  > '^2  > • • • > 1!  ~ snp  _ I f ( ^ , i^2  » • • • > I • 

(Cl  ,C2>  • • . ,Cj^)eD(f) 

On  the  other  hand,  since 


||f(Ti,T2,...,Tj^)||  > |f(Ai,A2,...,Aj^)j 


for  any 

N 

(Ai,...A  )c-  n o(T  ) 
k=l 

N 

n a(T  ) C D(f) 
k=l  ^ 

and  f (^1  ,C2>  • • • is  holomorphic,  therefore  | f (c  i , C2  > • • • > C^)  | is 

holomorphic.  Thus  there  exists  a point  (Ci^\  ?2^\  • • • , ) iu  D(f) 

such  that 


|£aS">.cf> 


- 


i|f(Ti,T2,. 


■V' 


Corollary  1.  If  Tj^eB(H,H)  and  (k  = 1,2,...,N),  then  there 

N 

exists  a point  ( A [ A2^\  . . . , A^ ) in  II  [m  ,Mu  ] such  that 

N k R 


|f(AP\A^°\...,A^,^')  1 =llf(T  ,T 


(0) 


The  proof  is  immediate. 

If  one  of  the  (l<k-N)  is  in  p(T  ),  then  (^[  ^,...,^2 

k K. 

_ ^ 

6 n 0 (T  ) , whence 
k=l  ^ 
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I =tl  f(Ti,T2,...,yil  . 


Therefore  1>2,...,N,  that  is 

,,(0)  ^(0)  (0)  . n X 

(^1  . ^2  > • • • > ^ 

k=l 


in  the  proof  of  Theorem  9.  But,  in  general 


If(Cl>?2>**‘>  I - |jf(Tl>T2>*«*»  Tj^)  jj 


for 


N 

(Cl  ,?2.  • • • ^ ^ • 

^ k=l 


Hence  we  have  the  following: 

Corollary  2.  For  the  norm  of  f (Tl  ,T2  , • . . ,Tj^)t  a[Ti  >T2  , • 
we  have 


■ -^nI • 


;lf(Ti,T2,*»*>  T^)  I;  sup 


N 


f(Ai,A2,...,X  )|  . (3-4) 


( ^ 1 > ^2  > • • • > 4^)  ^ ^'^k^ 


N 


Since  II  o(T,  ) is  closed,  supremum  can  be  replaced  by  maximum,  that  is, 
k=l  ^ 


!f(Ti,T2,...,T  );  = Max 


N 


f(Xi,X2,--->^M) I-  (3-4') 


(X^ , A2 > • • • > 4 ) 6 n o(T  ) 

^ k=l 


By  using  Corollary  2,  we  shall  prove  the  following. 

Theorem  10.  The  set  A[Ti  ,T2 , • • • .T^,]  is  a Banach  algebra. 

Proof.  We  know  that  this  set  is  an  algebra,  and  we  would  like  to 
prove  that  it  is  a Banach  space.  Since 

ljf(Ti,T2,...,Tj^)+g(Ti,T2,...,Tj^)|i 


= sup 


|f (Ai ,X2, • • • >^^)+g(^l .^2> • • • 


(^1  > ^2  > • • • > 
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^ sup  |f (Ai ,A2, . . . ,A^)  I 

(Ai  ,A2,  . . . ,A^) 

+ sup  |g(Ai , A2, . . . , A^)  [ 

(Ai,A2,...,a^)  cJ^o(V 

= l|f(Ti,T2,...,y!ft-llg(Ti,T2,...,y  II 

and  the  other  axioms  of  norm  are  trivial,  A[Ti ,I2 , . . • ] is  a normed 
linear  space. 

The  completeness  is  proved  in  the  following  way: 

Let  {f^(Ti  ,T2  , . . . ,Tj^)  } C a[Ti  ,I2 , • • ■ ,T^]  be  a Cauchy  sequence,  that  is, 
for  any  e > 0 

!iy(Ti,T2,...,T^)-y(Ti,T2,...T^)l;  < e,  for  m,n  ^ M. 

Hence 


sup  \T 

(Ai,A2,...,Aj^)yny(V 


>^2>  • • • >^2»  • • • 


m 


N' 


for  m,n  1 M, 

■■  I f 1 > ^2  > • • ■ ’ 1 > ^2  > • • • > I ^ 

Thus  the  sequence  { f^( A 1 , A2  , . • • , A^)  } is  Cauchy  in  . Therefore 
there  exists  a holomorphic  function  f q ( A 1 , A2  , • • • . A^^)  such  that 

sup  |fj^(Ai  ,A2,  . • . ,Aj^)-fo(Ai  ,A2,  . . . ,A^)  I 1 e 

(Ai,A2,...,Aj^)e^ny(T^) 


and 
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fo(Xi,X2,...,X^)€H[D].* 

Hence,  according  to  Lemma  2,  this  corresponds  to  an  operator 

f0(Ti,T2,...,T^)6A[Ti,T2,...,Tj^]. 

Finally, 

||f(Ti,T2,...,y  g(Ti,T2,...,yi| 

= sup  { 1 f (Xi  ,X2  , . . . , Xj^)  *g(Xi  ,X2  , • • • » Xj^)  I } 

(X2,Xi , . . . ,X  ) € h o(T.) 

k=l 

^sup  jf(X]^,X2»««*>X,^)| 

N 

(Xi,X2,**«,  Xj^) 

X sup  ^ |g(^l  >X2, . . . ,Xj^)  I 

(Xi,X2,...,X^) 

= ||f(Ti,T2,...,T^)  i|-||g(Ti,T2,...,T^)ll 


i.e.,  llf(Ti,T2,...,T^)-g(Ti,T2,...,T^,)ll 

1 !!f(Ti,T2,...,y!:-!lg(Ti,T2,...,yii. 


We  have  proved  all  required  conditions  for  a Banach  algebra. 


* 


See  Hille's  Analytic  Function  Theory  I,  p.74. 


CHAPTER  IV 


SPECTRUM  FOR  AN  OPERATOR  f(Ti  0T2> 


1.  Some  Properties  for  the  Spectral  Set  oCT^  0 T2)  of  the  Tensor 
Product  of  Operators. 

Up  to  this  point,  we  have  discussed  spectra  on  the  generalized 
Dunford  integral.  Now  we  turn  our  attention  to  another  generalized 
integral : 


f(Ti  ®T2)  = 


2iTi 


£1?1_ 

C-Ti  0 T2 


dC, 


where  T^  0)T2  is  the  tensor  product  of  two  operators  which  belong  to 
For  the  spectrum  of  f(Ti  @12),  we  have 


f[o(Ti  0 T2)]  g a[f(Ti  0T2)].* 


In  order  to  prove  this,  we  shall  discuss  some  preliminary  results  and 
definitions.  For  the  tensor  product  of  two  operators  Ti,T2fcB(H,H)  we 
know  that 

a(Ti  0T2>  = a(Ti)-o(T2).'^ 


Thus 

(a(Ti  ©T2))''  = a(Ti)'^-a(T2)''.  (1-D 


This  will  be  proved  in  Theorem  11. 
See  Reference  3. 
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On  the  other  hand,  we  have  the  following: 

Lemma  3.  For  any  positive  integer  n we  have 

a(Ti0T2)  = o(Ti)''-a(T2)''.  (1-2) 

Proof.  It  is  well  known  that 

a(T^)  = o(T)’^  for  T6B(H,H).’*‘ 

For  any 

M«:a(Ti)'^-a(T2)''  = o(Ti)-a(T2), 

Vi  = ^1^2  - (^1^2)  > X^<:o(T^)  (i  = 1,2), 

(Ai-A2)’"-T^  0T2  = (A1A2-T1  ® T2)  [(AiA2)''"^+...  + (Ti  012)''"^]. 

Thus 

(A1A2) e o(T^  0 T2)  since  AiA2eo(Ti  0 T2) , 

i.e.,  o(Ti)''-a(T2)''c  o(Ti®T2). 

The  opposite  inclusion  is  proved  in  the  following  way:  Let  n = 2. 

T?  0 Ti  = (Ti  0 T2)  (Ti  0 T2)  = (Ti  0 I)  (I  0 T2)  (Ti  0 I)  (I  © T2) 

and  commutativity  shows  that 

Tf  0T^  = (T?  0 I)(I  0T^). 

Moreover , 

o(T?  © I)  = a(Tf)  and  a (I  © t|)  = o (t|) , 

^ See  Reference  10. 


whence  we  have 
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(if  0 t|)  C o(Ti  0 I)  -0(1  0 li) 

= a(Tf) .o(t2) 

= a(T2)2.a(T2)2. 

By  induction,  we  get 

a(Ti  0t5)  g o(Ti)''-a(T2)''. 

Therefore 

o(T^0T2)  = o(Ti)''-a(T2)''. 

The  two  relations  (1-1)  and  (1-2)  give  the  following  equality, 

[o(Ti  0T2)]''  = a(Ti  0T2)  = o[(Ti  0T2)"].  (1-3) 

Lemma  4. 

o[a(Ti  012)"^]  = a-o[(Ti  0T2)^]  for  aeC-{0}. 

Proof.  First  of  all,  we  show  that 

ao(T)  = o(aT) . 

Since 

aX-aT  = a(X-T)  for  any  Xeo(T), 

we  have 

aXto(aT) . 

Conversely,  for  an  arbitrary  pto(aT),  suppose  that 


ptao (T) , 
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then 

^ ea(T) . 
a 

Therefore  there  exists  an  inverse  operator 

(H  -T)-l  = [i(p-aT)]"l  = a(p-aT)“l 
a a 

yto  (aT)  . 

This  contradiction  leads  us  to  the  conclusion  that 

o(aT)  C a*o(T) . 

Thus  we  have  proved  the  equality  o(aT)  = ao(T) . 

Let  3 be  a n-th  root  of  a,  that  is, 

3 = a. 

Then 

a[3''(Ti  0T2)^]  = o[(3Ti  0T2)’^] 

= (a[3Ti  0T2])'^  = [3o(Ti  ®T2)]''  = 3^'[a(Ti  0T2)]'' 
= a-a[(Ti  ® T2)'']. 

This  completes  the  proof  of  the  Lemma. 

Lemma  5 . 

a^a[(Ti  0T2)'']+a^a[(Ti  0T2)“] 

c a[a^(Ti  ©T2)''+a^(Ti  © T2)“] 

for  a ,a 
n in 
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Proof.  For  any  Ata[(Ti  ^ T2)],  A - Ai*A2  where  Ai,A2  are  con- 
tained in  a(Ti),  0(12)  respectively. 

a^A’^+a^A'^- [a^(Ti  @T2)'^+a^(Ti  0 T2)  ] 

= a^[A'^-(Ti  0 T2)'']+a^[A“-(Ti  0 T2)”] 

= ( A-Ti  0 T2)  • •■*■('^1  ® '^2)  "*”*  ’ ^ 

.*.  a^A'^+a^A'^  o[a^(Ti  0T2)^+a^(Ti  ©T2)"*], 

since  AfcO(Ti  0 T2) • Thus  we  have  the  desired  inclusion.  We  note  that 
for  any  non-zero  constant  operator  C = C*I,  o(CI)  = C. 

We  define  the  norm  of  the  tensor  product  x0yeH0H  to  be 

llx®y!!^  = (x0y,x0y)  = (x,x)(y,y)  = |!  xj|  ^ 'jlyli  ^ . 

Since 

|lx0y||  ^ 0,  ||x®y||  = 0 iff  x0y  = O, 

j|a(x  0y)||  = la|||x  0 y|; 

!lxi  0yi+X2  0Y21P  = (^1  0Y1+X2  0 72.^1  ® yi+^2  0Y2) 

= 11  xi  0yill^+llx2  0 7211  ^+2Re(xi  0yi,X2  0 72) 

- 11  0 7ill  ^-Hl  X2  0 72II  ^+2  I (xi  0 7i  ,X2  0 72)  1 

< llxi  07lll^+llx2  0 7211^+^lxi  07i111iX2  07211 


= (llxi  ®7i1M1^2  07211)^ 
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11^1  ®yi+X2  ©7211  - lUl  ©yill+llx2  07211. 

thus  the  norm  is  well  defined.  And  we  define  the  norm  ||Ti  0T2i| 
by 

1!ti  ©T2II  = sup  ||(Ti  0T2>(x  0y)ll  = sup  llTix(x)T2y|!. 

llx  0 ylUl  ||x  0 y|Ul 

This  also  satisfies  three  of  the  axioms  of  norm:  For  the  triangularity 
li  (Ai  0 B1+A2  0 B2)  (x  0 y)l!  = II  (Ai  0 Bi)  (x  0 y)+(A2  © B2)  (x  0 y)j| 

- ii  (Al  0 Bi)  (x  0 y)il+ll  (A2  ©B2)  (x  0 y)ji 


since 


Ax  0 BytH  0 H . 


Hence  we  have 


|Ai  0Bi+A2  0B2II  < II  Ai  0Bil|-ljlA2  0B2|i 


We  consider  the  collection 


{Ti  0T2IT1  0T2:H  0H  ->  H 0H},  T:H  H, 


which  is  defined  by 


(Ti  0X2)  (x0y)  = Tix0T2y. 


With  the  above  norm,  ({T  i®T2}J|  ||  ) forms  a metric  space.  By  definition 


Ti0T2li=sup  ijlix  0 l2y  !i  sup  UTixII  •j|T2y 

I|x0y)|-1  l|x®y||-i 


llXix  11-sup  |lT2y|l  = llTill  • 1|T2  II 

11x11^1  1Im1<i 


^ sup 
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iiTi®T2!|  < !iTi!|*!|T2|!. 

The  spectrum  o[Ti  @T2]  = a(Ti)*o(T2)  is  closed  and  bounded  since 
o(Ti)  and  0(12)  are  closed  and  bounded  in  the  sense  of  usual  topology 
in  the  complex  plane,  that  is, 

Id  = |Ai‘X2|  = |Xi|*|X2l  - llTiii  dTall  for  any  cto(Ti®T2). 


A sharper  inequality  is  now  given: 

According  to  the  definition  of  spectrum,  we  have 

|d<|iTi0T2l|  if  cea(Ti®T2). 

Thus 

sup  Id  - l|Ti  ® T2II  i |lTil|||T2|i  . 

Cto(Ti  0 T2) 

Therefore  o(T]^  @'^2)  bounded,  since  Ti,T2  are  bounded.  Thus 
o(Ti  0T2)  lies  entirely  inside  of  a circle  with  radius  less  than 
II  Ti  ®T2jj  and  centered  at  origin  in  the  complex  plane. 

Now,  we  return  to  the  discussion  of  the  spectrum.  By  the  same 
argument  as  given  in  Lemma  5 , we  have 

N N 

a[  ^ a (Ti0T2)]  9 I a a[(Ti®T2)^]  (1-4) 

n=0  n=0 

for  any  natural  number  N.  The  proof  is  immediate  since  o[a^I]  = a^ . 

We  would  like  to  prove  the  following: 

Lemma  6 . 

CO  00 

o[  I a (Ti0T2)^]  2 5:  a [(Ti0T2)"] 
n=0  n=0  " 


if  both  exist. 
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Proof.  To  prove  this,  it  is  sufficient  to  prove  that 

N N 

o[  lim  I a (Ti  ©T2)'']  = lim  {o[  I a (T^  ©12)^]}. 

N ^ 00  n=0  N ->■  “ n=0  ^ 

But  this  is  equivalent  to  the  continuity  of  the  function  a with  respect 
N 

to  the  operator  'l  a (Ti@T2)'^,  that  is, 
n=0 

N 00 

I a (Ti  0T2)’"]  ^ o[  ^ a (Ti  ® T2)'']  as  N ^ 

n=0  n=0 

The  proof  is  obvious.  Thus 

N N 

o[  lim  Ia  (Ti0T2)^]=  lim  a[  a (Ti  © T2) ''j 
N n=0  N -►  “>  n=0 

N 

3 lim  I a -oCTi  ©12)^ 

N ->  <x>  n=0 


. [ I a (Ti  ©T2)'']  2 I a -odi  ©T2)'". 

n=0  ^ n=0  ^ 


2.  The  Spectral  Set  o[f(Ti  © T2) ] . 

Now  we  are  prepared  to  prove  the  following  result. 

Theorem  11.  Defining  f(Ti  ® T2)  - j.Xi  ® T2 

L» 

the  relation 


dc  we  have 


f(o(Ti  ®T2))  C a[f(Ti  ©T2)] 

where  f(c)  is  holomorphic  on  D(f)  2 U [j  C,  U ^ cf(Ti  © T2)  . 
Proof.  Since 

00 

[C-(Ti  ©T2)]-^  = y ©T2)'' 

n=0 

is  uniformly  convergent  on  the  s.c.o.r.c.  C,  we  get 

* 00 

f(c)  I ©T2)V 

C n=0 


f(Ti  ®T2)  = ^ 


II  r-o  8 


CO 


= I(Ti@T2)^ 

n=0 


(c-0) 


n+1 


dQ 


oo 


= I 

n=0 


f (0) 

n! 


(Tl  ©T2)’". 


Therefore, 


a[f(Ti  0T2)] 


OO 


I 

n=0 


(0) 

n! 


(Tl  ©T2)’"] 


f^^^(O) 

n! 


[a(Ti  ©T2)]’"  = { I X^:Ac-a(Ti  ©T2)} 

n=0 


= {f (A)  :Aeo(Ti  ® T2)  } = f (a(Ti  ® T2)) . 


We  have  proved  the  theorem. 
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